
Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



( H4 ) 



N^- xviri. 

Obfervations on the Theory of Water Mills ^ <^c. by 
W. Waring. 

Read June T) ET N G lately requefted to make fome calcu- 
i5>i79^- J3 lations relative to mills; particularly Dodt. 
Barker*s conftruftion, as improved by James Rumfey, t 
found more difficulty in the attempt than I at firft expecfl- 
cd. It appeared neGeflfary to inveftigate new theorems for 
the purpofe, as there are circumftances peculiar to this 
conftrudion, which are not noticed, I believe, by any 
author ; and the theory of mills, as hitherto publiihed, 
is very imperfect, which I take to be the reafon it has 
been of fo little ufe to practical mechanics. 

The firft ftep, then, toward calculating the power of 
any water-mill (or wind-mill) or proportioning their 
parts and velocities to the greateft advantage, feems to be. 

The correSiion of an ejentiai miftake adioptedhy ivriters 
on the Theory of Mills^ 
This is attempted with all the deference due to eminent 
authors, whofe ingenious labours have juftly raffed their 
reputation and advanced the fciences ; but when any 
wrong principles are fucteffively publifhed by a lei'ies of 
fuch pens, they are the more implicitly received, and 
more particularly ciaim a pubiic rectification j which mull 
be pleafing, even to thefe candid writers then' felves. 

George At wood, M^ A. F. R. S, in his mafterly ^rea- 
tife on the rectilinear motion and rotation of bodies, pub*- 
Hflied fo lately as 1 784, continues this overfight, with its 
pernicious confequences, through his propofitions and co- 
rollaries (page 275 to 284,) although he knew the theo- 
ry was fufpeded: for ht: oblerves (page 382] " Mr. Smea- 
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** ton In his paper on mechanic power (publiflied In the 
*' Philofophical Tranfadtions for the year 1776) allows^ 
" that the theory ufually given will not correfpond with 
•' matter of fad:, when compared with the motion of ma- 
*' chines ; and fcems to attribute this difagreement, rather 
*' to deficiency in the theory, than to the obftacles which 
*' have prevented the application of it to the complicated 
" motion of engines, &c. In ocder to fatisfy himfelf con- 
** cerning the reafon of this difagreement he conftrufted a 
*' fet of experiments, which, from the known abilities 
*' and Ingenuity of the author, certainly deferve great con- 
" fideration and attention from every one who is inter- 
** efted in thefe inquiries/^ And notwithftanding the fame 
"** learned author fayJ?, " The evidence upon which the 
<« theory refts is fcarcely lefe than mathematical.'^ I am 
forry to find, in the prefen^ ftate of the fciences, one of 
Tiis abilities concliiding (page 380) ** It is ndt probable 
that the theory of motion, however inconteftible its prin^ 
ciples may be, can afford much affiftance to the pradicai 
mechanic,'* although indeed his theory, compared with 
the above cited experiments, might fuggeft fuch an infer- 
ence. But to come tu the point, I would j^ift premife 
(hefe 

i^efinittons. 

If aftream of water imping againft awheel in motion^ 
there are three different velocities to be confidered, apper- 
taining thereto, v\t. 

Firft, the abfotute velocity of the Water : 
Seconds, the abfolute velocity of the wheel : 
Third, the relative velocity of the water to that of 
the wheel, i. e. the difference of the abfolute velocities ; 
or the velocity with which the water overtates or ftrikes 
the wheel 
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Now the miftake confifts in fuppofing the momentum., 
or force of the water againft the wheel, to be in the dupli'F 
cate ratio of the relative velocity : Whereas. 

Frop. /. 

The force of an invariable ftream, impinging againft a 
Mlll-Wheel in motion is in Xhcjimple dire^ proportion of 
the relative velocity. 

For, if the relative velocity of a fluid againft a fingle 
plane be varied, either by the motion of the plane, or of 
the fluid from a given aperture, or both, then, the num- 
ber of particles a<9:ing on the Plane in a given time, and 
likewife the momentum of each particle, being refpe^tlve* 
ly as the relative velocity, tlie force on both thefe accounts, 
muftbeinthe duplicate vaitio of the relative velocity, a^^ 
greeably to the convmon theory, with refpedt ta this Jingle 
plan€ ; but, the number of thefe planesv or parts of the 
wheel aded on in a given time, will be as the velocity of 
the wheel, or inver/ely as the relative velocity ; therefore, 
the moving force of the wheel muft be in the fimple di- 
rect ratio of the relative volocity* Q;^ E. D. 

Or, the propofition is manifeftfrom this confiderationj 
that, while the ftream is invariable, whatever be the velo-n 
city of the wheel, the fame number of particles or quan- 
tity of the fluid, muft ft'rike it fome where or other in a 
given time; confequently, the variation of force h only 
on account of the varied impingent velocity of the fame 
body, occafiohed by a change of motion in the wheel ; that 
is, the momentum is as the rektive velocity* 

Now, this true principal fubftituted for the erroneous 
one in ufe, will bring the theory to agree remarkably 
with the notable experiments of the ingenious Smeaton, 
before mentioned, publiflied in the Philofophical Tranf-* 
adions of the Royal fociety of London for the year 1751^ 
Vol. 51, for which the hoagrary annual medal was ad- 
judged 
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judged by the fociety, and prefented to the author by their 
prefident. An inftance or two of the Importance of this 
correction may be adduced as follow* 

Prop. It 

The velocity of a wheel, moved by the impa£t of a 
ftream, mult he half the velocity of the fluid, to produce 
the greaceft poflibie efFed, 
p. ,7 V-the velocity, M== the momentum of the fluid 
^^^* ^ \ v-the velocity, P -the power of the wheel. 
Th^n, V—v = their relative velocity, by definition 3d. 
and, as V : V— v : : M : ^ x vl^;= P (Prop, i.) which 
X V = P V = ^ X V v-*-va^ a maximum; hence V v— va= a 
maximum^, and its fluxion, (v being the variable quantity) 
=Vv — 2Vv =0; therefore V = 4- V, that is, the velocity 
of the wheel ^ half that of the fluid, at the place of im- 
pact, when the effe£t is a maximum, Q^ E. D. 

The ufual theory gives v- 4. V; where the error is not 
lefs than one third of the true velocity of the wheel ! 

This propofition is applicable to underfhot wheels, and 
correfponds with the accurate experiments before cited, as 
appears from the Author^s conclufion, (Phiiofophicai 
Tranfadions for 1776 page 457) viz. " The velocity of 
*' the wheel, which, according to iM. Parents determina- 
** tion, adopted by Defaguliers and Maclaurin, ought to 
*' be no more than one third of that of the water, varies 
*' at the maximum in the experiments of Table I. be- 
** tween one third and one half; but in all the cafes there 
«^ related, in which the moft work is performed inpropor- 
*' tion to the watt=»r expended and which approach the near- 
** eft to the circumftances of great works when properly 
*' executed, the maximum lies much nearer one half thin 
^^ one third, o?ie halffeeming to be the true maximum^ if 
** nothing were loft by the refiftance of the air, the fcatte- 
'* ring of the Water carried up by the wheel, &c.'' Thus 

T 2 he 
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he fully fhews the common theory to have been very 
defedive; but, I believe, none have fmce pou^ted oi4t 
wherein the deficiency lay, nor how to correct it; and 
now we fee the agreement of the true theory with the re- 
fult of his experiments.. 

I might proceed with this eorredion through feveral 
propofitions, &c. and fhew their coincidence with thofe 
experiments ; but muft leave that, at prefent, for fuch as 
have more leifure; my view being only to fhew wheje this 
perplexing difficulty crept in» i a order that thofe who may 
have occafion to ufe the theory ia future, or inftruft 
young men in the principles of mechanics, may make 
any ufe of thefe hints th^y pleafe : I will, however, juft 
add one problem, as I have it by me ; though it may iK)t 
be the moft fuitable I could have chofen. 

Prop. IIL Fig. I. riate 4. 

Givefty the momentum (M) aiid volocity (V) of the 
fluid at I, the place of impa£t ; the radius (R^IS) of the 
wheel ABC; the radius (r=DS) of the Imall wheel DEF 
on the fame axle or fhaft ; the weight (W) or refinance to 
be overcome at D, and the Fridtion (F) or force neceffary 
to move the wheel without the weight; required the velo- 
city (x) of the wheel, &c. 

Here we. have V : V— x : : M : Mx^= the aaing 
force at I in the diredion KI, as. before, (prop, 2.) now, 
R : r : : W : ^== the power at J neceflary to counterpoife 
the weight W; hence, ^+F«= the wrhole refiftance oppofed 
to the a£tion of the fluid at I; which deducted from the 
moving force, leaves Mx^ — ^' — F,= the accelerating 
force of the machine; which, , when the motion becomes 
uniform, will be evane^ent orf=0 ; therefore, Mx^=~ + 
J, which gives^x==Vxi Jv^Tm""^^^ ^^^^ velocity required; 
or, if we rejed the friaion^ thea x=V^ri^w [^ j^e the- 
orem 
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orem for the velocity of the wheel. This> by the com- 
mon theory would be x=-VXi~y^^5^ which is too little 
by W^^ — VJl^: No wonder -why we have hitherto de- 
rived fo little advantage from the theory. 

Coroh I. If the weight (Wj or refinance be required, 
fuch as juft to admit of that velocity which would produce 
the greateft effed j then, by fubflituting |V for its equi- 
valent X (by prop. IL) w^e have 4^V"=Vxi'— '^^5;;^;. hence 
W=i^ilhfxR; or, if F-o, W=^i-5;. but theorifts mkc 
this ii^, where the error is ^^ 

Gorol. 2. We have alfo r=~i:rxRi or, re jeding fric- 
tion, r==7i^) when the greateft effe<3t is produced, inftead 
of Tp^^^y as has been fuppofed : this is an important 
theorem in the cmiftrudion of Mills. 

WM. WARTNO 

Fbiladeljphiay "jth^ gtb mo. 1 790*. 
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